Abstract. We extend the notion of the exterior Whitehead product for maps αi : ΣAi → Xi for i = 1, . . . , n, where ΣAi is the reduced suspension of Ai and then, for the interior product with Xi =
Hardie [13] has made use of the reduced product spaces J m (X), defined by James in [15] , to study the interior Whitehead product of maps α i : S k i → J m i (X) with k i , m i ≥ 1 for i = 1, . . . , n as an element α 1 , . . . , α n ∈ π k−1 (J m (X)), where k = k 1 +· · ·+k n and m = m 1 +· · ·+m n − min 1≤i≤n {m i }. In addition, by means of the generalized Hopf construction from [12] , for a given map F : S k 1 × · · · × S kn → J(X) strongly of type (α 1 , . . . , α n ) m−1 , Hardie has defined an element c(F ) ∈ π k+1 (ΣX) and in particular, an element of order p in π 2p (S 3 ) analysed in [13] .
The main result on the triple spherical Whitehead product from [11] has been generalized in [8] into suspensions. After necessary prerequisites exhibited in Section 1, we extend the notion of the exterior Whitehead product for maps α i : ΣA i → X i for i = 1, . . . , n, where ΣA i is the reduced suspension of A i and then, for the interior product with X i = J m i (X) as well. Next, some properties of these products are presented in Section 2.
James has shown [16] that, with the exception of the toric constructions of Toda [27] , the usual procedures for the construction of generators of homotopy groups of spheres give rise to no more elements that can be obtained by the Hopf construction together with the operation of composition (the Toda bracket). We follow Hardie [12] to adapt the necessary results on generalized Hopf construction. First, we list in Section 3.1 some properties of the separation map d(u, v) : ΣA → Y of maps u, v : C f → Y defined on the mapping cone C f and studied in [28] , for a given map f : A → X. Then, the main result stated in Theorem 3.10 generalizes [12, Theorem 1.10] and concerns to the Hopf invariant of the generalized Hopf construction.
Recently, Gray has defined in [9] a functor • (called the Theriault product)
in the category CO of simply-connected co-H-spaces and co-H-maps, and also a natural transformation X • Y → X ∨ Y generalizing the Whitehead product map. In Section 3.2, we close the paper making use of the Gray's construction [9] to a sequence X 1 , . . . , X n of simply-connected co-H-spaces and a fiber sequence from [20] (as in the paper [10] ) to obtain a higher GrayWhitehead product map w n : Σ n−2 (X 1 • · · · • X n ) → T 1 (X 1 , . . . , X n ), where T 1 (X 1 , . . . , X n ) is the fat wedge of X 1 , . . . , X n . The map w n is used to introduce higher order Whitehead product for maps defined on co-H-spaces. Its basic properties and applications extending those from [9] will be presented in a forthcoming paper.
Finally, we discuss some connections, via the interior Whitehead product, of the James construction with the symmetric product and then with projective spaces FP n , for F = R, C or H as well.
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James construction and Hopf invariant
In this work all spaces are based, have the homotopy type of a CWcomplex and we do not distinguish between a based map and its homotopy class. Given a well-pointed Hausdorff space (X, * ), the James construction J(X) is the free associative monoid on X with * as unit. More precisely, from [15] , for each n ≥ 1 let J n (X) be the quotient of X × ×n · · · × X, where
. . , x ′ n ) provided they are equal after removing any occurrence of * . Then, J(X) = lim − → J n (X), where
there are natural multiplication maps
defined by the juxtaposition.
Let η X : X → ΩΣX and ε X : ΣΩX → X be the canonical maps determined by the pair of adjoint functors Σ and Ω.
By [30, Chapter VII] , there is a canonical multiplicative extension
where Ω ′ X denotes the Moore loop space of X. Consequently, there is a homotopy equivalence φ X : J(X) ≃ − → ΩΣX with the adjoint map ψ X : ΣJ(X) → ΣX. Writing π(X, Y ) for the set of homotopy classes of maps from X to Y, we have a commutative diagram π(A, J(X))
Notice that for or maps α i : X i → Y i with i = 1, . . . , n, the induced map
for i = 1, . . . , n, where α = (α 1 , . . . , α n ).
Given a space X, write CX for the cone of X and notice that there is a canonical embedding ι X : X ֒→ CX. According to [19, Theorem (2. 3)]
there is a (up to homotopy) pushout
Hence, we have the cofibre sequence
and write
for a homotopy equivalence. This yields the commutative (up to homotopy) square
where λ : Σ n Λ(A) ≃ − → Λ(ΣA) is a homotopy equivalence. Definition 2.1. The exterior Whitehead product {α 1 , . . . , α n } of maps α i : ΣA i → X i for i = 1, . . . , n with n ≥ 2 is the composition
If A i = S m i is the m i -sphere with m i ≥ 1 for i = 1, . . . , n then {α 1 , . . . , α n } has been defined by Hardie in [13] . In the sequel, we refer to such a product as the spherical one.
From the above, we derive that {α 1 , . . . , α n } = 0 if and only if there is a map T ′ : T 0 (ΣA) → T 1 (X) such that the triangle
commutes (up to homotopy). 
. . , a n ) = T 1 (α)( * , a 2 , . . . , a n ) for any (a 1 , . . . , a n ) ∈ T 0 (ΣA). Then, T ′ is an extension (up to homotopy) of T 1 (α) and the result follows.
(2): this is a direct consequence of [19, Corollary (4) ].
We present below some further straightforward properties of the exterior Whitehead product and follow [13] to generalize the interior one. First, in view of [19, Definition (2.10)], we say that two maps f, g : T 1 (ΣA) → X are compatible off the i th coordinate if they coincide on T
In addition, if A i 0 is a co-H-group with a comultiplication ν i 0 :
Suppose that there are maps
, . . . , α n ) which are clearly compatible off the i 0 th coordinate. Then, 
are maps for i = 1, . . . , n and A i 0 is a co-H-group for some 1 ≤ i 0 ≤ n then the exterior Whitehead product satisfies:
Certainly, item (2) above is easily deduced from item (1).
We note that Proposition 2.3 has been shown in [13] for the spherical case using the star product ⋆ studied in [5] .
. . , n be the canonical embeddings. Given α i : ΣA i → X i , we can consider the compositions θ i α i and Ψ
Remark 2.4. In the sequel, given a permutation σ ∈ S n of the set {1, . . . , n} we writeσ
for the associated homeomorphism.
Following the results from [13, Section 2] on the spherical exterior Whitehead product and the generalized [8, Lemma 4.1] boundary Nakaoka-Toda operation formula [18, Lemma (1.
2)], we may state:
(2) The exterior Whitehead product satisfies the Jacobi identity
where
Then, the following Whitehead identity holds (cf. [13, (2.4) ] and [29, (3.59)]):
The Jacobi identity stated in Proposition 2.5(2) has been also considered in [14, Corollary 1.9] with a different approach. Let J n (X) be the n th stage of the James construction J(X) of a topological space X. Given m i ≥ 1 for i = 1, . . . , n with n ≥ 2, write m = (m 1 , . . . , m n ) and let J m (X) = (J m 1 (X), . . . , J mn (X)). Set m ′ = m 1 + · · · + m n and m ′′ = m ′ − min 1≤i≤n {m i } and note that there is an inclusion
Definition 2.6. The interior Whitehead product α 1 , . . . , α n of maps α i :
and thus
for i = 1, . . . , n. Then, notice that α 1 , . . . , α n represents an element of the higher order Whitehead product [α ′ 1 , . . . , α ′ n ] considered in [19] . Thus, applying [19, Theorem (2.1)] for any map f :
The following properties of the interior Whitehead product are easily obtained from Proposition 2.5.
Corollary 2.7.
(1) Let σ ∈ S n be a permutation of the set {1, . . . , n}. Then
The interior Whitehead product satisfies the Jacobi identity
(4) The following Whitehead identity holds: [24] ).
Generalized Hopf construction
Let A = (A 1 , . . . , A n ) be a n-tuple of pointed spaces. From [22, Satz 19] there is a homotopy equivalence ΣT 0 (A) Recall that given any based map F : A 1 × A 2 → Z, the Hopf construction on F leads to a map H(F ) : Σ(A 1 ∧ A 2 ) → ΣZ which is given by the composition
Denoting by ı : ΣΛ(A) ֒→ W (A) the obvious inclusion, the composite map
yields a section of the cofibration
which leads to a homotopy equivalence
For the n-tuple ΣA, the map δ : ΣΛ(ΣA) → ΣT 0 (ΣA) might be also described as follows. Given any map f : A → X, we have a cofibration 
the universal properties of the mapping cones C f ′ and C f lead to a map
Further, the diagram
commutes, where π X ′ : C f ′ → ΣA ′ and π X : C f → ΣA are the projection maps.
Now, because of a section ΣT 0 (ΣA) → ΣT 1 (ΣA) for the inclusion map 
where λ : Σ n Λ(A) ≃ − → Λ(ΣA) is given by (4). It follows from diagrams (6) and (7) that there is a map γ(c, Σω n ) : C c → C Σωn which yields τ : ΣΛ(ΣA)
Hence, we have got:
Proposition 3.2. The maps δ, τ : ΣΛ(ΣA) → ΣT 0 (ΣA) coincide.
The generalized Hopf construction on a based map F : T 0 (A) → Z is the composition
In particular, for Z = J(X) Hardie has defined in [12] the element
By the adjointness, we obtaiñ c(F ) ∈ π(Λ(A), ΩΣX).
From (1), for each m ≥ 1, we have
and by (2) , it holds
Given based maps α i : 
Hence, d(uν c , vν c ) = u − v : ΣA → Y and the result follows.
To simplify notation, we write simply γ for γ(f ′ , f ) in the rest of the paper.
We claim that:
Proof. The separation maps d(u, v) and d(uγ, vγ) are defined by means of , (s, a) ) and notice that fσ = −f for any map f : Σ 2 A → X. Since 
Proof. Just observe that (Σp 1 )τ 2 =σp ′ 1 and then the equalities Σ n+1 Λ(A) → ΣY . Thus, the diagram (8), Lemmas 3.5 and 3.6 lead to:
To state the main result of this section, we recall from [12] the notion of a map of a strongly type. Proof. Let F ′ : T 0 (ΣA) → J(X) be a map as in Definition 3.8 and let γ = γ(c, Σω n ) : C c → C Σωn as in Corollary 3.7. By (9) and Proposition 3.2,
Since (Σd(F ′ ν ωn , F ν ωn ))σ = −Σd(F ′ ν ωn , F ν ωn ) and c(F ′ ) = * ([12, Corollary 3.4]), we get ψ X (Σd(F ′ ν ωn , F ν ωn ))Σλ −1 = c(F ) which certainly implies
This completes the proof.
We finish this section with a generalization of [12, Theorem 1.10] as the main result.
Let q m : (J m (X), J m−1 (X)) → (X ∧m , * ) be the quotient map and denote
. . , n, we obtain the maps
and the suspension of their smash products leads to
Proof. In view of (10) and Lemma 3.9, we have
Since F (T 0 (ΣA)) ⊆ J m−1 (X) and q is the combinatorial extension of q m then
is the map from diagram (4). Next, consider the following commutative diagram
where F ′′ is determined by F ′′ s = q m F ′ and the other maps were already defined in the text. Hence,
where q m = (q m 1 , . . . , q mn ) finishes the proof. Let α i : ΣA i → X be maps for i = 1, . . . , n. If α 1 , . . . , α n = 0 then there is a map F : T 0 (ΣA) → J(X) strongly of type (α 1 , . . . , α n ) n−1 . Thus, the generalized Hopf construction yields a map c(F ) : ΣΛ(ΣA) → ΣX and Theorem 3.10 supplies a criterion to check if the map c(F ) is non-trivial.
3.2. Miscellanea. Fix n ≥ 2 and suppose A i = A for i = 1, . . . , n. Denote by id ΣA : ΣA → J 1 (ΣA) the identity map and by ρ n (ΣA) : T 0 (ΣA) → J n (ΣA) the quotient map. For the sequences m = (1, ×n . . . , 1) and id ΣA = (id ΣA , ×n . . . , id ΣA ) the map ρ n (ΣA) factorizes as
and restricts to ρ n (ΣA) |T 1 (ΣA) : T 1 (ΣA) → J n−1 (ΣA). This leads to a (up to homotopy) pushout
Taking into account the pushout diagram (3), we get a (up to homotopy) (11) which yields the following result ([31, Proposition 1.
Proposition 3.11. Let A be a pointed space. Then there is a (functorial) cofibre sequence
Thus, the cofibre sequence
is principal.
Given simply-connected co-H-spaces X 1 , X 2 , Gray [9] has defined the Theriault product X 1 • X 2 being a retraction of Σ(ΩX 1 ∧ ΩX 2 ). If
are maps with κζ = id X 1 •X 2 then the homotopy fibration
determines a natural transformation
generalizing the Whitehead product map. We make use of the Theriault product to define the higher order GrayWhitehead product for co-H-spaces X 1 , . . . , X n . As in [10, Section 3], we start recalling that Porter [20, Theorem 1] has shown that there is a homotopy fibration
Because X i are co-H-spaces, there are coretractions ν i : X i → ΣΩX i for i = 1, . . . , n. Define the higher Gray-Whitehead product map
as the composite
Notice that, by means of the above, basic results presented in previous sections might be generalized replacing suspended spaces by co-H-spaces. Applying [9, Theorem 1] , the inductive procedure shows that
and consequently
Now, we make use of the above for the spherical interior Whitehead product. Let α i : S k i → S m be maps with m ≥ 2, k i ≥ 2 for i = 1, . . . , n and n ≥ 2. Then, α 1 , . . . , α n = 0 in π k 1 +···+kn−1 (J n−1 (S m )) yields a map F : S k 1 × · · · × S kn → J(S m ) and the generalized Hopf construction leads to possibly a non-trivial map c(F ) : S k 1 +···+kn+1 → S m+1 .
Next, write ι n = id S n , ι m,n : S n ֒→ J m (S n ) for the canonical inclusion maps and η n ∈ π n+1 (S n ) for generators with n ≥ 2.
Proposition 3.12.
(1) The element ι n , ×m . . . , ι n is of infinite order provided n is odd and m = 2 or n is even; (2) π mn−1 (J m−1 (S n )) ≈ Z ⊕ π mn (S n+1 ) and ι n , ×m . . . , ι n is a generator of the infinite cyclic group; (3) [ι m−2,n , ι n ,
. . . . . . , ι n ] = 0 if and only if n = 2 and m is an odd prime; this element has order m otherwise;
Proof. (1): follows from [4, 13, 26] .
(2): follows from [4, 26] .
(3): follows from [4, 13] . (4): follows from [13] . (5)- (6): we make use of the isomorphisms π 9 (S 2 ) ≈ Z 3 and π 10 (S 3 ) ≈ Z 15
and then follow mutatis mutandis the proof of (4). . . . . . . , ι 2 ) m−2 for an odd prime m which yields, in view of [13, Theorem 1.5] , an element c(F ) of order m in π 2m (S 3 ). Further, Proposition 3.12(4)-(6) implies also the existence of maps F strongly of types (η 2 η 3 η 4 , ι 2 , ι 2 , ι 2 ) 3 , (η 2 η 3 , ι 2 , ι 2 , ι 2 ) 3 and (η 3 , η 3 , ι 3 ) 2 , respectively. Then, as in [13, Corollary 1.4 ] in view of Theorem 3.10, we obtain non-zero elements c(F ) of π 12 (S 3 ), π 11 (S 3 ) and π 12 (S 4 ), respectively.
Write SP n (X) for the n th stage of the symmetric power of a space X for n ≥ 1 and SP (X) = lim − → SP n (X). Because of the H-structure on SP (X), the inclusion map X ֒→ SP (X) extends to a map
which leads to a sequence of maps u n (X) : J n (X) → SP n (X) for n ≥ 1.
. . . , id ΣA we get a (up to homotopy) pushout
/ / SP n (ΣA). (12) Notice that armed with the diagrams (11) and (12) , the sequence of maps u n (ΣA) : J n (ΣA) → SP n (ΣA) above for n ≥ 1 might be derived by the inductive procedure as well.
In particular, this yields a sequence of maps u n (S 1 ) :
for n ≥ 1. On the other hand, the Segre map
H-structure on the infinite real projective space RP ∞ . Thus, the inclusion map
which leads to a sequence of maps v n (S 1 ) : J n (S 1 ) → RP n for n ≥ 1. Further, the abelian H-structure on RP ∞ yields the factorization
: :
which in turn implies the sequence of maps ϕ n (S 1 ) : SP n (S 1 ) → RP n with commutative diagrams
for n ≥ 1. Because, by means of [17] , the space SP n (S 1 ) has the homotopy type of the circle S 1 , the induced homomorphisms π k (v n (S 1 )) are trivial for k > 1 and n ≥ 1.
Let now CP n be the complex projective n-space. By the projective Viète's Theorem (see e.g., [3] ), it holds SP n (S 2 ) = CP n and we get a sequence of maps u n (S 2 ) : J n (S 2 ) → CP n for n ≥ 1. Notice that these maps are also determined by the H-structure (settled e.g., by the Segre map) on CP ∞ and the factorization . . . . . . , j n (C)] of (n + 1) th order Whitehead products contains a single element which is equal to (n + 1)! γ n . Consequently, by means of (5), for n ≥ 1 the map u n (S 2 ) : J n (S 2 ) → CP n satisfies
. . . . . . , ι 2 = [j n (C),
. . . . . . , j n (C)] = (n + 1)! γ n .
Let now H be the quaternionic algebra and j n (H) : S 4 = HP 1 ֒→ HP n the canonical inclusion. Then, by [8, Remark 4.9(iii)], the higher order Whitehead product [j n (H),
. . . . . . , j n (H)] = ∅ for n ≥ 2. Hence, an existence of a map u n (S 4 ) : J n (S 4 ) → HP n with properties as above leads to a contradiction u n (S 4 ) ι 4 ,
. . . . . . , ι 4 ∈ [j n (H),
. . . . . . , j n (H)] = ∅. Let α i : S k i → S 1 be maps with k i ≥ 1 for i = 1, . . . , n and n ≥ 2. If k i 0 > 1 for some 1 ≤ i 0 ≤ n then α i 0 = 0 and certainly α 1 , . . . , α n = 0 in π k 1 +···+kn−1 (J n−1 (S 1 )).
Next, consider maps α i : S k i → X with k i ≥ 2 for i = 1, . . . , n and n ≥ 2, where X = S 2 or RP 2 . Then, u n−1 (S 2 ) α 1 , . . . , α n = 0 provided k 1 + · · · + k n < 2n. Further, by [3, Theorem 2] , it holds SP n (RP 2 ) = RP 2n . Hence, u n−1 (RP 2 ) α 1 , . . . , α n = 0 provided k 1 + · · · + k n < 2n − 1.
We observe that [3, Theorem 2] also gives sequences of maps A n (S 2 ) and A n (RP 2 ) for n ≥ 1, fitted together by the commutative diagrams
/ / J n (RP 2 )
An(RP 2 ) CP n / / RP 2n . In this sense, we close the paper with: Conjecture 3.13. Let α i : S k i → X be maps with k i ≥ 2 for i = 1, . . . , n and n ≥ 2, where X = S 2 or RP 2 . If k i 0 > 2 for some 1 ≤ i 0 ≤ n then α 1 , . . . , α n = 0 in π k 1 +···+kn−1 (J n−1 (X)).
